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SOME INEQUALITIES FOR POLYNOMIAL FUNCTIONS 

           

         ABSRACT 

         In this work, we first show that the inequality, established 

in the unit disc for maximum modulus of polynomial functions 12 , also 

holds for any disc of radius R . In the case where polynomials have 

0z  as a multiple root, and also for the univalent polynomial 

functions CCf : with 0)0(f ,
qaaf )( ,

qaaf )( , we obtain 

different forms of this inequality. Then we attain quite distinct new 

inequalities for univalent polynomial functions in both the unit disc 

and disc of an arbitrary radius R . 
          Keywords: Mathematicle Analysis,  Polynomial Functions,  

                    Univalent Function With Three Preassigned Values, 

                    Maximum Modulus Values, Inequalities.  

 

POLİNOM FONKSİYONLAR İÇİN BAZI EŞİTSİZLİKLER 

             

         ÖZET 

         Bu çalışmada, önce 12  de birim diskte polinomların maksimum 

modülleri için ispatlanan eşitsizliğin, herhangi bir R   yarıçaplı 

disk için de geçerli olduğu gösterildi. 0z  noktası polinomların 

katlı kökü olması durumunda ve 0)0(f ,
qaaf )( ,

qaaf )(  olan 

CCf :  ünivalent polinomlar için, bu eşitsizliğin farklı formları 

elde edilmiştir. Ayrıca ,ünivalent polinom fonksiyonlar için bu 

eşitsizliklerden tamamen farklı yeni eşitsizlikler hem birim diskte 

hem de herhangi bir R  yarıçaplı bir diskte elde edilmiştir.  

         Anahtar Kelimeler: Matematiksel Analiz, Polinom Fonksiyonlar, 

    Ön Görülen Üç Değeri Alan Ünivalent  

    Fonksiyonlar, Maksimum Modül Değerler,  

    Eşitsizlikler  
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1. INTRODUCTION (GİRİŞ)       

      Let CCf : be a polynomial function with complex variable and 

let )(max
1

zfM
z

f . Ostrowski 12 , Rassias 13 , Mohr 11  and Çelik 6  

investigated inequalities in the unit disc between 
nfffM .... 21
and 

nfff MMM ....
21

( 2n )for complex polynomial functions. The same problem 

is investigated in the disc of radius 1R  and also on two hyperbolic 

region by Çelik 3 and 5 , respectively. Rassias 13  proved the 

following theorem: 

      Theorem R.Let be CCfff n :,...,, 21  ( 2n ) complex-valued 

polynomial functions of degrees nddd ,...,, 21  respectively, of a complex 

variable z . 

Define )(max
1

zfM
z

f . Then  

nfff MMM ....
21 nfffM .... 21

.k
nfff MMM ....

21
                   (1)  

where 

1)
8

2
(

1

d

dn
Sink . 2)

8

2
(

2

d

dn
Sin … nd

ndn
Sin )

8

2
(  

     A function that is one to one and analytic in a region CA is 

called a univalent function in A  2, 4 and 8 . 

      The set of univalent functions with 0)0(f , aaf )( , aaf )(  

is denoted by )(aT in Avcı and Zlotkiewicz 2  , and they called 

attantion to the class, )()( 422 zzazzf , 1)42( 2a .                           

      Now let the region CA  be the unit disc or any disc with 

radius   R . Let AAA  where A stands for the boundary of A . 

Let us denote by )(aUTP  the set of univalent polynomial functions with 

CCf :  

0)0(f ,
qaaf )( ,

qaaf )( ,where Aaa,  and Nq . 

      In )(aUTP ,we have the following set for polynomial functions of 

degre m4  and 14,...,5,3,1 mq : 

       The set of those functions of the form  

m

k

kkk

k

q zazzzf
1

224 )()(  )1,( mk C is denoted by )(4

2,2 aPUT . 

And, similar sets are denoted by )(4

1,3 aPUT , )(4

3,1 aPUT , )(4

0,4 aPUT , 

respectively. 

      Throughout our work we use the usual topology on C . Also 1)if 

A  the unit disc, we take )(max
1

zfM
z

f . 2) if A is any disc with 

radius R  we define )(max zfM
Rz

f . In our work we will deal with 

the set )(4

2,2

qaPUT .             
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2. RESEARCH SIGNIFICANSE (ÇALIŞMANIN ÖNEMİ)     

Let CCgf :,  be two polynomial fonctions with a complex 

variable z . In the unit disc,we define )(max
1

zfM
z

f  and 

)(max
1

zgM
z

g . In 6, 11, 12, and 13  inequalities between gfM .  and 

gf MM .  are showen. Here, fixed points and their powers were not 

considered in any of the coefficients of the inequalities. In this 

work, we show that the inequality, etablished in the unit disc 12 , 

also holds for any disc of radius R . Also,let A be a disc of a 

arbitrary radius R , for )(4

2,2 aPUT  we define )(max zfM
Rz

f  and 

)(max zgM
Rz

g . Then we attain new inequalities between gfM .  and 

gf MM . .      

In those inequalities fixed points,and their powers,of the 

polynomials  

functions are considered. 

       

      3. ANALYTICAL STUDY (ANALİTİK ÇALIŞMA)  

Our work is baded on pure mathematics. Therefore, we deduce 

relations (fomulas) and equations (analytical relations) by means of 

theoritical methods, which are prof techniques. As usual, these 

methods are carried in terms of hypotheses-conclusions. 

 

4. MAIN RESULTS ON THEOREM R  (THEOREM R İÇİN SONUÇLAR) 

In this section we derive some consequences of  Theorem R.  

In Rassias 12 , for a polynomial function CCf :  of degree 

d written in the form ))...().(()( 21 dzzzzzzzf  and letting 

)(max
1

zfM
z

f ,it is proved that “ for each 0  and 0n , we have 

for most  that 

 

       

d

fd

iiii

dn
Mzezezeef

8

2
sin.....)( 21

 

or 

        

d

d

d

iii

dnzzz

zezeze

8

2
sin

1...1.1

....

21

21

.” 

 

        Lemma 1.Let each 0  and 0n , for most , 0 R   and 

Rak  ),..,2,1( dk . Then                                          

        

d

d

d

iii

dnaRaRaR

aaa

8

2
sin

....

Re...Re.Re

21

21

                   (2)                      

holds if and only if                     
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d

d

d

iii

dnzzz

zezeze

8

2
sin

1...1.1

....

21

21

        (3)               

where 1kz  ),..,2,1( dk .  

       Proof. Assume that (2) holds. Then we have                                                           

 

      

d

d

diii

dn

R

a

R

a

R

a

R

a
e

R

a
e

R

a
e

8

2
sin

1...1.1

....

21

21

                   (4)                 

Let us take k
k z

R

a
),..,2,1( dk in (4); this yields (3) since 

1kz  ),..,2,1( dk . Conversely, assume that (3) is true. Then  

     

      

d

d

d

iii

dnzRRzRRzRR

RzRzRz

8

2
sin

....

Re...Re.Re

21

21

           (5)                 

 

holds, where R0 . Take kk azR. ),..,2,1( dk in(5); this implies (2) 

since Rak  ),..,2,1( dk .                                                                                                                                                

     From now on A  will be any disc with radius R , 2n , and 

polynomial functions CCfff n :,...,, 21  will be considered.   

 

     Theorem 1.Let nddd ,...,, 21  be the degrees of polynomial functions 

nfff ,...,, 21 respectively. Then                                              

    
nfffM .... 21

.

k .
nfff MMM ....

21
                            (6) 

where 

   1)
8

2
(

1

.
d

dn
Sink . 2)

8

2
(

2

d

dn
Sin … nd

ndn
Sin )

8

2
( (or 

.

kk ). 

Proof. It suffices to consider Lemma 1 and Theorem R.                                                                                                                                                       

      Lemma 2.Let each 0  and 0n , for most , R0  and Rak  

),..,2,1( rdk . 

Then                                       

     

rd

rd

rd

iii

rdnaRaRaR

aaa

)(8

2
sin

....

Re...Re.Re

21

21

                            
holds if and only if                     

                                    

      

rd

rd

rd

iii

rdnzzz

zezeze

)(8

2
sin

1...1.1

....

21

21
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where  

1kz  ),..,2,1( rdk . 

       Proof. It suffices to replace d  by rd  in Lemma 1.              

       Theorem 2.Let nddd ,...,, 21  be the degrees of polynomial functions 

nfff ,...,, 21 ,respectively, which have the zero point as the multiple 

roots   nrrr ,...,, 21 . Then 

                                             

nfffM .... 21 1k .
nfff MMM ....

21
                            (7) 

where 

     11)
(8

2
(

11

1

rd

rdn
Sink . 22)

)(8

2
(

22

rd

rdn
Sin … nn rd

nn rdn
Sin )

(8

2
(  

 

       Proof. Given that R  and Rak  ),..,2,1( rdk , by 

hypothesis, each polynomial function CCf :  can be written in this 

from 

))...().(.()( 21 jj rd

j

j azazazrzf . For these functions we have  

       ))...().(.()( 21 jj

j

rd

r

j
Rz

f aRaRaRRzfMaxM  

 and 

                                        

        
jj

j

rd

iiiri

j aaaRf Re...Re.Re.)(Re 21
. 

From these two expessions we can write   

 

        
jf

i

j

M

f )(Re

jj

jj

rd

rd

iii

aRaRaR

aaa

....

Re...Re.Re

21

21

  
)...,2,1( nj
. 

Then we apply Lemma 2 and Theorem R.                                                                           

 

      Corollary 1.Let jfff ,...,, 21 , nj  be polynomial functions of  

degrees jddd ,...,, 21 , respectively, which accept the zero point  as 

multiple roots jrrr ,...,, 21 , respectively; let njj fff ,...,, 21 , in number 

jn , be polynomial functions of degrees njj ddd ,...,, 21  which don’t 

have the zero point  as multiple roots. Then 

                             

     
njj fffffM ........ 121 2k .

njj fffff MMMMM ........
121

                  (8) 

where   

       11)
(8

2
(

11

1

rd

rdn
Sink . 22)

)(8

2
(

22

rd

rdn
Sin …

jj rd

jj rdn
Sin )

(8

2
(  

 

      .
1)

8

2
(

1

jd

jdn
Sin .

2)
8

2
(

2

jd

jdn
Sin … nd

ndn
Sin )

8

2
(  
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Proof. Putting )()...().()( 21 zfzfzfzF n   

11 1

1

1

1

1 1 1 1

1 )()...().()...(
rd

k

rd

k

d

k

d

k

kkk

r

k

r
jj

j

j

j

n

n

njj

j azazazzazz 
, 

we find  respectively,  

   

n

n

n

j

j

j

jj

j

j

j

d

k

k

i

d

k

k

i

rd

k

k

i
rd

k

k

irrri aaaaRF
1111

...
Re...Re.Re...Re)(Re

1

1

1

11

1

1

21
 

and 

)(zFMaxM
Rz

F

 

n

n

n

j

j

j

jj

j

j

j

d

k

k

i

d

k

k

i

rd

k

k

i
rd

k

k

irrr
aaaaR

1111

...
Re...Re.Re...Re

1

1

1

11

1

1

21
, 

 

and then Lemma 1  and  Proof of  Theorem 2 are used .                                              

      

Theorem 3.Let nmmm 4,...,4,4 21  be the degrees of polynomial 

functions 

nfff ,...,, 21 )(4

2,2 aPUT , respectively and let  

1)(1

q
aaf  , 2)(2

q
aaf  ,…, nq

n aaf  )( .Then 

(i)if 3),...,,( 21 nqqqMin , then                                     

nfffM .... 21 3k .
nfff MMM ....

21
                              (9) 

 where         

       

2424

2

24

1

3 )
)24(8

2
...()

)24(8

2
.()

)24(8

2
( 21 nm

n

mm

mn
Sin

mn
Sin

mn
Sink

 .  

         

(ii)if 1iq ( ),...,2,1 ni ( aa,,0 are fixed points) 

or  

1),...,,( 21 nqqqMin , 

then 

                                       

nfffM .... 21 4k .
nfff MMM ....

21
                            (10)                                                           

where 

      

1414

2

14

1

4 )
)14(8

2
...()

)14(8

2
.()

)14(8

2
( 21 nm

n

mm

mn
Sin

mn
Sin

mn
Sink

. 

       Proof. (i)By Hypothesis, knowing the form of )(zf i , we can write 

each )(zf i  under the form      

        ).(...).()(.)(
22224246

2

22

1

22 iiii mmmq

i zazzazazzzzf . 

For each )(zf i , 0z  is a second degree zero. To conclude, just take 

ii md 4  and 2ir  ( ni ,...,2,1 )in Formula (7)in Theorem 2. (ii) By 

Hypothesis, each )(zf i  can be written in the form 
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 ).(...).().(.)(
12214347

2

23

1

1 iiii mmmq

i zazzazzazzzzf . For each 

)(zf i , 0z  is a simple zero. Again to conclude, just  set ii md 4 , 

1ir  ( ni ,...,2,1 )in Formula (7)in Theorem 2.                            

 

        Corollary 2.If for the first nj  fonctions jfff ,...,, 21  , 

3),...,,( 21 nqqqMin  and for the remaining jn  functions njj fff ,...,, 21 , 

1iq  

( ),...,2,1 ni  or 1),...,,( 21 nqqqMin ,  

then   

                                    

njj fffffM ........ 121 5k .
njj fffff MMMMM ........

121
                  (11)                                   

where 

 

   
24

1

5
1)

)24(8

2
(

m

mn
Sink .

24

2

2)
)24(8

2
(

m

mn
Sin …

24
)

)24(8

2
( jm

jmn
Sin  

          

.
14

1

1)
)14(8

2
( jm

jmn
Sin .

14

2

2)
)14(8

2
( jm

jmn
Sin …

14
)

)14(8

2
( nm

nmn
Sin                                                                           

 

      5. NEW MAXIMUM MODULUS INEQUALITIES IN )(4

2,2 aPUT  

( )(4

2,2 aPUT İÇİNDE YENİ MAKSİMUM MODUL EŞİTSİZLİKLERİ )       

     In this section we produce new maximum modulus inequalities 

independently from  Section 2. Let 2n , nmmm ,...,, 21  be positive 

integers; let nn pmmm ...21  and jj pmmm ...21  for nj . 

Let 0 R  and define the number  by 
np

R
4

1
. 

      Theorem 4.Let nmmm 4,...,4,4 21  be the degrees of polynomial 

functions 

nfff ,...,, 21 )(4

2,2 aPUT  respectively, with iq

i aaf )( , iq

i aaf )( and 01  

( ),...,2,1 ni . 

Then  

(i)if 3),...,,( 21 nqqqMin , then 

nfffM .... 21 1 . nfff MMM ....
21

                            (12) 

where                                                                                                                                   

np

qqq

n

n
a

24

...

1
2

.

21

      . 

   (ii)if 1iq ( ),...,2,1 ni  ( aa,,0 are fixed points),  

then                                                                                                                                                                                                                                              

nfffM .... 21 2 . nfff MMM ....
21

                            (13)                                                         

  where                                                                                             
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np

n

n

a
42

2
.

  .  

(iii)if 1),...,,( 21 nqqqMin , then                                                                             

nfffM .... 21 2
.

nfff MMM ....
21

                         (14)                                                         

 

where 

np

qqq

n

n
a

4

...

3
2

.

21

 .                  

         Proof. (i) Each if )(4

2,2 aPUT  ( ),...,2,1 ni  can be written as                                     

      ).(...).()(.)(
22224246

2

22

1

22 iiii mmmq

i zazzazazzzzf . 

The polynomial in          is of degree 24 im . Thus  given 

Rak , )24,...,2,1( imk , for every Caz k,  we have kk azaz ,and 

in view of this inequality we get  

2421

2
.....)(

imi azazazzzf
  

   2421

2
)...().(.(

imazazazz )                                                           

))...().(( 2421

2.

imaRaRaRR
                                     

)2)...(2).(2.(2 RRRR
242 )2.( im

RR
 

Now                      

)(zfMaxM i
Rz

fi

242 )2.( im
RR ( ),...,2,1 ni ,                                                    

and hence we obtain 

nfff MMM ....
21

)...(42 21)2.( nmmmn RR =
1

.)2(
24 npn .               (15)                                                       

On the other hand, let 1or 1. Then by hypothesis   
nqqq

n aafafaf
...

21
21.)()...().( 

.                                                                      

From the  maximum modulus  principle it follow that 

nfffM .... 21
=

nqqq

n
Rz

azfzfzfMax
...

21

21
)()...().(                       (16)                                               

Then (15) and (16) allow to write (17)                                           

  
1

.2
.... 24

...

....
21

21

21

np

qqq

fff

fff

n

n

n

n
a

MMM

M
                              (17) 

If we rearrange (17) we find  (12). (ii)By Hypothesis, 

Each if )(4

2,2 aPUT  ( ),...,2,1 ni  can be writen in the form          

                

).(...).().(.)(
12214347

2

23

1

1 iiii mmmq

i zazzazzazzzzf . 

Then where Rak , )14,...,2,1( imk for every Az  we get                                      

2421 )...().(.()(
imi azazazzzf ) 

)2)...(2).(2.( RRRR
14

)2.( im
RR
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 Now 

)(zfMaxM i
Rz

fi

142 )2.( im
RR  ( ),...,2,1 ni ,  

and so                                                            

nfff MMM ....
21

nmmmn nRR
)...(42 21)2.( =

1
.)2(

4 npn .           (18) 

Also, in view of the hypothesis, since  

n

n aafafaf .)()...().( 21 
,  

we find that 

nfffM .... 21
=

n

n
Rz

azfzfzfMax )()...().( 21                        (19)                                                        

Now(18) and (19) give the desired result.  (iii) By Hypothesis, each 

if )(4

2,2 aPUT  ( ),...,2,1 ni can be writen  as                         

    ).(...).().(.)(
12214347

2

23

1

1 iiii mmmq

i zazzazzazzzzf .         

The expression in          is a polynomial of degree 14 im . Then 

successively we obtain   

nfff MMM ....
21

nmmmn nRR
)...(4 212.

 
and 

nfffM .... 21
=

nqqq

n
Rz

azfzfzfMax
...

21

21
)()...().( .                    

 

Corollary 3. Let nmmm 4,...,4,4 21  be the degrees of  polynomial 

functions nfff ,...,, 21 )(4

2,2 aPUT  respectively, with iq

i aaf )( , iq

i aaf )(  

and 01
 ( ),...,2,1 ni .If for the nj  functions jfff ,...,, 21 , 

3),...,,( 21 jqqqMin  and for the remaining jn  functions njj fff ,...,, 21 , 

1),...,,( 21 njj qqqMin , then     

nfffM .... 21 4
.

nfff MMM ....
21

                         (20)                                                                                                       

where  

)(24

......

4
2

.

2121

jnjp

qqqqqq

n

njjj
a

.                           

 

Now let’s take     

                    

)(2)(424

1 )
))(2)(4(8

.()
)24(8

(
jnpp

jn

jp

j

jnj

jnpp
Sin

jp
Sin , 

                      

)()(44

2 )
))()(4(8

.()
)4(8

(
jnpp

jn

jp

j

jnj

jnpp
Sin

jp
Sin , 

 

)()(424

3 )
))()(4(8

.()
)24(8

(
jnpp

jn

jp

j

jnj

jnpp
Sin

jp
Sin . 
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        Theorem 5. Given ba  ,Let jmmm 4,...,4,4 21  be the degrees of j  

polynomial functions jfff ,...,, 21 )(4

2,2 aPUT with iq

i aaf )( , iq

i aaf )(  

and 

01
 ( ),...,2,1 ji ,and let njj mmm 4,...,4,4 21  be the degrees of jn  

polynomial functions njj fff ,...,, 21 )(4

2,2 bPUT  with iq

i bbf )( , iq

i bbf )(  

and 01
 ( ),...,2,1 njji . Then 

       (i)if 3),...,,( 21 nqqqMin , then 

njj fffffM ........ 121 15 . .
njj fffff MMMMM ........

121
    (21)              

where                                                                               

np

qqqqqq

n

njjj
ba

24

......

5
2

.
.

2121

 . 

       (ii)if 1iq ( ),...,2,1 ni  ( aa,,0 are fixed points), then                                             

njj fffffM ........ 121 26 . .
njj fffff MMMMM ........

121
                 (22)     

where                                                                                                                                                  

np

jnj

n

ba
46

2

.
.

.   

       (iii)if 1),...,,( 21 nqqqMin , then                                               

njj fffffM ........ 121 27 . .
njj fffff MMMMM ........

121
                 (23)     

where                                                                                                                                                  

np

qqqqqq

n

njjj
ba
4

......

7
2

.
.

2121

. 

       Proof. (i)By Hypothesis, we have 

        

jqqq

j aafafaf
...

21
21)()...().(  and 

njj qqq

njj bbfbfbf
...

21

21)()...().(  . 

Now set jfffF .... 211  and  njj fffF .... 212 . Then we have 

jfffF MM .... 211
=

jqqq

j
Rz

azfzfzfMax
...

21

21
)()...().(                     

and 

njj fffF MM ....
212

=
njj qqq

njj
Rz

bzfzfzfMax
...

21

21
)()...().(                     

and we see that                       

1FM .
2FM

jfffM .... 21
.

njj fffM ....
21

jqqq
a

...21

.
njj qqq

b
...21

        (24) 

On the other hand, we write 

jfff MMM ....
21

jmmmj jRR
2)...(42 212.
  

and 

njıj fff MMM ....
2

)(2)...(422 212.
jnmmmjn njjRR
. 

From those two inequalities, we obtain 

nfff MMM ....
21

nmmmn nRR
2)...(42 212.
                          (25) 
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1
.2

24 npn .       

Now in view of (24) and (25) we find  

                               

1FM .
2FM

np

qqqqqq

n

njjn
ba

24

......

2

.
.

2121

.
nfffM .... 21
              (26)   

If we apply Formula (7) to the polynomial functions 
1F  and 

2F with 

2n ,  jprd j 2411  and )(2)(422 jnpprd jn  we set 

21 .FFM = 1.... 21 nfffM .
1FM .

2FM                             (27)       

Consequently,(21) follows from  (26) and (27).  

Parts (ii) and (iii) can be shown by similar arguments.                                                                     

        

Corollary 4. Given ba  ,let jmmm 4,...,4,4 21  be the degrees of j  

polynomial functions jfff ,...,, 21 )(4

2,2 aPUT with iq

i aaf )( , iq

i aaf )(  

and 

01
 ( ),...,2,1 ji ,and let njj mmm 4,...,4,4 21  be the degrees of jn  

polynomial functions njj fff ,...,, 21 )(4

2,2 bPUT  with iq

i bbf )( , iq

i bbf )(  

and 01
 ( ),...,2,1 njji . Then 

      (a)if 3),...,,( 21 jqqqMin  and 1kq ( ),...,2,1 njjk  ( aa,,0 are 

fixed points), then 

                                         

njj fffffM ......... .121  
.8 3 njjj ffffff MMMMMM .........

2121              (28)   

where 

)(24

...

8
2

.
.

21

jnjp

jnqqq

n

j
ba

 . 

       (b)if 2),...,,( 21 jqqqMin  and 1),...,,( 21 njj qqqMin , then                                                  

njj fffffM ......... .121 39 .
njjj ffffff MMMMMM .........

2121           (29) 

where                                                         

)(24

......

9
2

.
.

2121

jnjp

qqqqqq

n

njjj
ba

  . 

       (c)if 1iq ( ),...,2,1 ji  ( aa,,0 are fixed points),and 

1),...,,( 21 njj qqqMin , then                                                       

njj fffffM ......... .121  210 .
njjj ffffff MMMMMM .........

2121              (30) 

where  

np

qqqj

n

njj
ba

4

...

10
2

.
.

21

 . 

 

 

 

 

 



 

 

 

43 

 

Çelik, A. 
 

NWSA- Physical Sciences, 3A0064, (2), 32-47. 

 

4.1. Special Case: A  Unit Disc Case  

            (Özel Durum: A  Birim Disk Durumu)  

Lemma 3. Let 
np

R
4

1
 where 2n , nmmm ,...,, 21  are positive 

integres, nn pmmm ...21  and 0 R . Then 1if and only if 

1R . 

 

Proof. It is obvious.                                               

 

      By means of this lemma, we can state immediately the following 

theorems and corollaries.  

 

Theorem 6.  Let the hypothesis of  Theorem 4 be satisfied.Then 

       

      (i) if 3),...,,( 21 nqqqMin , then 

nn ffffff MMMM .....
2121 1....

                             (31)  

where 

np

qqq

n

n
a

24

...

1
2

21

      .  

        

      (ii)if 1iq ( ),...,2,1 ni  ( aa,,0 are fixed points), then                                                                                                      

nn ffffff MMMM .....
2121 2....

                            (32) 

 where 

np

n

n

a
42

2  . 

 

(iii)if 1),...,,( 21 nqqqMin , then 

nn ffffff MMMM .....
2121 3....

                            (33) 

 where  

np

qqq

n

n
a

4

...

3
2

21

 .                           

         

Corollary 5. Let the conditions of Corollary 3 be satisfied. 

Then  

nfffM .... 21 nfff MMM .....
214

                           (34) 

where                                                              

)(24

......

4
2

2121

jnjp

qqqpqqq

n

nppj
a

. 
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Theorem 7. Let the clauses of Theoerm 5 be satisfied. Then 

  

(i) if 3),...,,( 21 nqqqMin , then 

.5......... .121 njj fffffM
1 njjj ffffff MMMMMM .........

2121          (35) 

where 

 

np

qqqqqq

n

njjj
ba

24

......

5
2

.
2121

 . 

  

      (ii)if 1iq ( ),...,2,1 ni  ( aa,,0 are fixed points), then  

njj fffffM ......... .121  26 .
njjj ffffff MMMMMM .........

2121             (36) 

where 

np

jnj

n

ba
46

2

.

.    

     (iii)if 1),...,,( 21 nqqqMin , then                                                   

njj fffffM ......... .121  27 .
njjj ffffff MMMMMM .........

2121            (37) 

where 

np

qqqqqq

n

njjj
ba
4

......

7
2

.
2121

. 

 

      Corollary 6.Let the clauses of Corolary 4 be met. Then   

  

     (a)if 3),...,,( 21 jqqqMin  and 1kq ( ),...,2,1 njjk , then 

njj fffffM ......... .121  
.8 3 njjj ffffff MMMMMM .........

2121            (38)   

where 

)(24

...

8
2

.
21

jnjp

jnqqq

n

j
ba

 . 

     (b)if 3),...,,( 21 jqqqMin  and 1),...,,( 21 njj qqqMin , then 

njj fffffM ......... .121 39 .
njjj ffffff MMMMMM .........

2121            (39)    

where    

)(24

......

9
2

.
2121

jnjp

qqqqqq

n

njjj
ba

  . 

 

      (c)if 1iq ( ),...,2,1 ji  ( aa,,0 are fixed points), and 

1),...,,( 21 njj qqqMin , then 

njj fffffM ......... .121  210 .
njjj ffffff MMMMMM .........

2121           (40) 
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where       

np

qqqj

n

njj
ba

4

...

10
2

.
21

   .                         

   

6. RESULTS AND RECOMMENDATIONS (SONUÇ VE ÖNERİLER) 

6.1. For the elements of )(4

2,2 aPUT  with a) 01
, b) 021

,…, 

c) 0...21 l  ( ml ) we can formulate inequalities. 

      6.2. The maximum modulus of )(zp  on circle Rz  ( 1R )we have  

from  9 and 10  

)(max)(max
1

zpRzp
z

n

Rz
                                 (41) 

If )(zp 0in 1z ,then from 1 and 10  

)(max)
2

1
()(max

1
zp

R
zp

z

n

Rz
, ( 1R )                   (42)    

If we take )()...().()( 21 zfzfzfzp n  )2(n  in Formulas (41) and  (42), we 

have  

npzp 4)(deg( and we can write a generalization of (41) and (42) 

respectively  

                   

.
4

.... 21

n

n

p

fff RM
nfffM .... 21 , ( 1R )                        (43)                                                                          

and              

nfffM .... 21
)

2

1
(

4 np
R

.
nfffM .... 21
, ( 1R ).                     (44) 

 Now consider  Theorem 4 and  Theorem 6 Let 1a  and ( 1R ). Then  

      a)  if 3),...,,( 21 nqqqMin , then 

                   

n

n

n

n

fff

fff

fff

fff

MMM

M

M

MMM

....
.

1....

21

21

21

21 ....

2

1....
                      (45) 

 

       b)  if 1iq ( ),...,2,1 ni  ( aa,,0 are fixed points),then   

n

n

n

n

fff

fff

fff

fff

MMM

M

M

MMM

....
.

1....

21

21

21

21 ....

2

2....
                      (46)                            

 

       c)  if 1),...,,( 21 nqqqMin , then 

n

n

n

n

fff

fff

fff

fff

MMM

M

M

MMM

....
.

1....

21

21

21

21 ....

2

3....
                      (47)  
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 If 1a in Formulas (45),(46)and(47), then since 
npn 241

2

1
 and 

npn432
2

1

,  

       a)  if 3),...,,( 21 nqqqMin , then 

n

n

n

n

n

fff

fff

n

p

fff

fff

MMM

MR

M

MMM

....
.

2

)2(....

21

21

21

21 ....

2

4

....
                    (48) 

 

       b)  if 1iq ( ),...,2,1 ni  or 1),...,,( 21 nqqqMin , then 

n

n

n

n

n

fff

fff

n

p

fff

fff

MMM

MR

M

MMM

....
.

2

)2(....

21

21

21

21 ....
4

....
.                  (49) 

       6.3. Besides, we can denote by )(aNUTP  non univalent 

polynomial functions CCf : with 

0)0(f
, 

qaaf )(
, 

qaaf )(
. 

  In )(aNUTP we can write the sets  

)(4

2,2 aPNUT , )(4

1,3 aPNUT , )(4

3,1 aPNUT  , )(4

0,4 aPNUT  

for the polynomial of degree m4  and 24,...,4,2 mq , and formulate 

Maximum Modulus inequalities.  

 

      7. DISCUSSIONS (TARTIŞMALAR) 

The coefficients in the inequalities found in Ostrowski 12  , 

Rassias 13 , Mohr 11  , Çelik 6  and Çelik 5  don’t depend on fixed 

points of polynomial functions or on the powers of  those points. But 

when A is the unit disc in the found inequalities for )(4

2,2 aPUT  new 

coefficients depend on the power of the point a . Moreover, when A is 

a disc with arbitrary radius R  , it also depend on ( naturally on 

R  ). Thus as the parameters remain invariant except a  and R , we can 

choose a  and R in such a way that the coefficients i ( )4,3,2,1i  

produce results better than the coefficients k  (or 

.

k ) and ik  

( )5,4,3,2,1i . Given R , the greatest coefficient i ( )4,3,2,1i is 

obtained when a = R , and the smallest i ( )4,3,2,1i is found when a is 

as close as to the origin. As to j  ( )10,...,6,5j , the greatest is 

obtained for a = R  and b = R , on the smallest one when a  and b  are 

closest to the origin. Consequently, when working in )(4

2,2 aPUT which 

coefficients are suitable is a matter of taste. Similar interpretation 

can be given in case A is the unit disc.  
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